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Abstract

In this paper, an approximate power flow model is developed for the analysis of the flexural waves in
finite orthotropic plate transversely vibrating in the medium-to-high frequency ranges. The derived energy
equation for the model is expressed with time- and locally space-averaged farfield wave energy density. It
could be the more general form than that of the conventional power flow analysis model seen in the
isotropic plate. With the derived model, dynamic characteristics varying with the direction can be
expressed. To verify the validity and accuracy of the model, numerical analyses are performed for the case
where a finite rectangular plate is excited by a harmonic point force, and the calculated results expressed
with the energy levels are compared with classical modal solutions by changing the frequency and the
damping loss factor of the plate. The dominant power transmission paths in the plate are also predicted
from the distribution of the approximate intensity fields.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The power flow analysis (PFA) method has been developed as a promising vibro-acoustic
prediction tool of medium-to-high frequency ranges for recent decades. It has been generally
noted that the PFA method offers an improved solution to the statistical energy analysis (SEA)
that does not give the information on the energy variation in a subsystem and it is impossible to
consider the local power input and damping treatment. The PFA model, analogous to the steady
state heat flow model, was introduced by Belov et al. [1]. Nefske and Sung [2] applied power flow
finite element method (PFFEM) for predicting the flexural vibration of beams. Further studies on
PFA for rods and beams were performed by Wohlever and Bernhard [3-5]. Bouthier and
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Bernhard [4-7] developed approximate power flow models for the propagation of the flexural
waves in isotropic thin plates and membranes, and Park et al. [8] derived energy equations for the
in-plane waves in isotropic thin plates.

Most of the dynamic complex structures such as ships and planes include the plates made of
orthotropic materials and the stiffened or reinforced plates [9—11]. These naturally and
structurally orthotropic plates have different bending stiffnesses in two perpendicular directions,
on which the energy distribution and the power transmission path may greatly depend on certain
conditions. Until recently, the development of the power flow models for the PFA method has
been mainly focused on isotropic structural elements. Thus, more general power flow
formulations are required for proper application of the PFA method to orthotropic structural
elements.

The aim of this work is to develop an approximate power flow model that can be utilized to
predict the distribution of energy and the power transmission path of the orthotropic plates
vibrating in the medium-to-high frequency ranges in a time- and locally space-averaged sense.
Numerical analyses are performed for a finite rectangular orthotropic plate simply supported
along the edges and excited by a transverse harmonic point force located in the middle of the
plate. The results obtained from the derived PFA model are compared with those from classical
theory on orthotropic plates, and the effects of the frequency and damping are investigated.

2. Approximate power flow model for the transverse vibration of finite orthotropic plates

The equation of motion of thin orthotropic plates excited by a harmonic point force located at
(x0, o) of which the amplitude and the frequency are F and o, respectively, can be written as [9,11]

o*w o*w otw Pw -
veag t2H o5+ Dy —5 = Fo(x — x,)0(y — o e]a)t, 1
xigd T Segagns T Drega T Man (x = X0)o(y = y) b

D
where w is the transverse displacement and m is the mass per unit area of the plate. D, and D,
are the complex bending stiffnesses in the x and y directions, respectively, and are written as

Dxc - Dx(l +J’7) and Dyc = Dy(l +J17)’ (2)

where 7 is the hysteretic damping loss factor. H. in Eq. (1) is the complex effective torsional
stiffness. When the thickness of the plate is constant, the transverse displacement relatively very
small and the deformation properly elastic, the effective torsional stiffness, H,., can be assumed to
be the geometric mean value of the bending stiffnesses D,. and D,,, as shown in the following
expression [9]:

H. = Dchyc' (3)

The effective torsional stiffness expressed by Eq. (3) makes it easy to mathematically handle the
equation of motion given by Eq. (1). Cremer and Heckl showed that Eq. (3) is a very good
approximation for many practical orthotropic plates [12]. Substituting Eq. (3) into Eq. (1), the
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equation of motion can be rewritten as

o*w o*w otw O*w oot
Dxc@ + 2\/ Dchch + Dyca—y4 + mﬁ = Fo(x — x,)0(y — yo)e] > 4)

from which an approximate power flow model of the orthotropic plates is investigated.

Eq. (4) has both far and nearfield solutions. It was shown by Noiseux [13] that the farfield
solution is useful for the PFA of vibrating plates. The energy model for isotropic plates derived by
Bouthier and Bernhard [4,6] was obtained with the farfield solution of the equation of motion and
appeared to be good representation of the approximate response of the plates. Thus, as in the
Bouthier’s works, only the farfield solutions are utilized in this work for relevant analyses. When
considering plane waves, the general form of the farfield solution can be expressed as the sum of
the plane progressive wave components:

wff(x, y, 1) = ( Aeileex+kyy) + Belkxx—kyy) + Ce ikxx—kyy) + Dei(kxx+kyy))eiwt, (5)

where the unknown constants, 4, B, C and D, are the amplitudes of the corresponding
wave components. k, and k, are the complex wave numbers in the x and y directions, respectively.
When k,; and k,; are real parts of k. and k, , the dispersion relation can be expressed as

2
(VDK + \/Dykﬁl) = o’m. 6)
If the damping is small, k, and k, are well approximated by
N |
ky = kx,<1 —]Z> and k, = ky1<1 —]Z>. )

In general, the vibrational energy in the plates is transmitted by shear forces, bending moments
and twisting moments. The shear forces Q.. and Q,. of the orthotropic plate with the effective
torsional stiffness H = (Dny)l/ 2 are expressed by the transverse displacement as

Fw Pw
v: = — | Dxesx V DyDyer—— 8
Qu: ( “ox3 + ' 6x6y2> ®
and
OPw Pw
-=—\D AR D‘((7D A A | 9
0=~ (P + VPP ®
respectively. The bending moments, M, and M,, are also written as
o*w O*w
Mx = _DXC <ﬁ+v‘ya—y2> (10)
and
*w o*w
My = —Dyc<w+vxﬁ>, (11)
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respectively, where v, and v, are the effective Poisson ratios of the orthotropic plate in the x and y
directions, respectively. The twisting moment of the plates, M, (M,, = M,,) are written as

o*w

My, = — (1 . /—vxvy> , /71))501)”@. (12)

The total energy density is the sum of the kinetic and potential energy densities. With the above
equations (8)—(12), the time-averaged total energy density of the orthotropic plate can be
expressed as

1 Pw (Pw\ " 2y (02w ¥
<€> :Z Re{me(ﬁ> +2«/VXVy Dchycﬁ<a—y2>

o*w <82w

* %k
Fw [ Pw ow [ow\ *
—| —= 2(1 — /vov, ) o/ DyeDype—— —( — , 13
7€ 5y2 8y2> + ( " vy) y&x@y(&xay) +m8t<8t> } 13

where Re{ } represents the real part. The bracket () means the time average over one period, and
the superscript * indicates the complex conjugate. The x and y components of the time-averaged
intensity {q) of a vibrating orthotropic plate are expressed by the shear forces, bending moments,
twisting moments and the transverse displacement, as follows:

1 ow\™* 2w\ " 2w\ "
=—-Re< —-0,..| — M, [ — M., | — 14

1 ow\* Pw\ " ?w\ "
V==Red — 0, () w0, (22} 4, (S0 1
() =3 e{ Qy“<az> * y(@y@t) M <6x8t> 15

respectively. The farfield energy density can be obtained by substituting Eq. (5) into Eq. (12). The
expression for the time-averaged farfield energy density expanded in terms of the constants
A, ..., D in Eq. (5) becomes

and

(&> =} Re{ Doclkeu |1 +[BI+CT +[DI*|
25/ Dac Dk (1) A1 +1B1+CT +[D) [
+2(1 = /72, ) Y/ DacDyelka ey A1 =B (€] +D) [
+ Dyl | [T BT +ICT DT
R (AT HBI T+ D1, (16)

where [ ]*% means [ ] x exp(+jk.x+ Jk,y). The x and y components of the farfield intensity

can be obtained by substituting Eq. (5) into Eqgs. (14) and (15). The expanded expressions for the
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time-averaged farfield intensity components are written as

(g :% Re{kx (Dxckﬁ + Dchyck§>

x ([A] " —[BI" +[CT " —[DI"™") ([A1" +[BI" +[C] "+[D]"")*
D, ,<k§ + vyk;)kj’;
(IA]+BI"+[CT " +[D]"*) (14~ —[BI*~+[C] " —[D]**)*
(

+ Dy,
X ([A]
+ (1= /5o )/ DecDyck e [
x ([4]

AT~ (BT~ [T +[DT") ([T~ +[BI—[CT -~ [D]")"} (17)
and

(gy) = %Re{ky (Dycki ¥\ /DXL.DJ,L.kg)
% (LA~ +[BI*~ —[CT —[DI**) (A~ +[BI*+[CI+[D]**)*
Dy (2 + v, ks
x ([A]+[BI"+[CT " +H[DI"™") ([4]+[BI" —[C] " —[D]"")*
+ (1= /oy ) /DDyl Pk,
(AT~ [B1—[CT+ID1 ) (1A~ (BT +[CT (D))"} (18)

X

Eqgs. (16)—(18) consist of purely exponentially decayed terms (i.e., |[A]""|%, D ++| ) and
spatially harmonic terms (i.e., [A]"~ ([B] " )", [C]” "((B] )"). At thls stage, no obv1ous relations
between the energy density (Eq. (16)) and the intensity components (Egs. (17) and (18)) can be
found. Thus, the time-averaged farfield energy density and intensity are spatially averaged over a
half wavelength for small damping in the following manner [6,8]:

kyk, ™k [m/ka
(ey = otk / / (e dx dy (19)
n 0 0
and
. kvc k n/ky n/ky
@ =" [ [ vy 20)

respectively, where {¢» and (@) are the time- and space-averaged energy density and intensity,
respectively. The space-averaging process removes the interference of different wave components
and thus, the spatially harmonic terms in Egs. (16)—(18) can be neglected by the above
equations (19) and (20). Moreover, neglecting all of the second and higher order terms
of the damping loss factor, which is small, yields a simplified expression for the energy density as
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follows (Appendix B):
@y =1o’m(|APe™ + B’ +|Cl’e " + |D|%et ), (21)

where e * means exp{ +(17/2)kxx+(1/2)k,p}. It can be noted in Eq. (21) that the total farfield
wave energy density may be represented as the linear combination of the energy densities of four
plane wave components when the damping is small and the wave interferences are neglected. The
simplified expressions for the x and y components of the time- and space-averaged intensity are
written as

(Gyy = 0kyr/DyV ?m(|APe™" — |BPet™ +|ClPe™t — |DPet™) (22)
and
(§y) = wky\/DyV o m(|APe™ + |Be™™ — |CPe " + [DIPe™) (23)

respectively. In Egs. (22) and (23), the net intensity is represented as the subtraction of the
intensities of the waves propagating in the negative direction from those of the waves propagating
in the positive direction. From Egs. (21)—(23) and the dispersion relation (Eq. (6)), it can be easily
found that the x and y components of the time- and locally space-averaged intensity of the farfield
wave are proportional to the first derivatives of the time- and locally space-averaged farfield wave
energy density with respect to x and y, as follows:

4 Jw?D, 5¢e
(o> = oy |22 K8

now\ m 0Ox

4 |o’D, 3(&)
(@) = ol — o (25)

respectively. Consequently, rearranging Eqs. (24) and (25) into a vector form, the intensity can be
rewritten as

24)

and

T 26
@y =- 77_60 al 77_0) @J &, (26)
where ¢, and ¢,, are defined here as follows:
ZDY 1/4 2D 1/4
Cox = 2<w ) and ¢,y = 2(” y) : 27)
‘ m * m

respectively. Eq. (26) is the expression for the vibrational energy transmission, in which the dynamic
characteristics of the orthotropic plates is sustained due to the different values of ¢,y and cgy.

The power injected by external loads into an elastic medium is dissipated due to the damping
and is transmitted to the next media. For the steady state elastic system, the power balance
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equation can be written as
V- q + Tiiss = Tin, (28)

where 74 and 7;, are the dissipated power due to the damping of the system and the input power,
respectively. From the work of Cremer and Heckl [12], the time-averaged dissipated power in an
elastic medium with small structural damping is proportional to the time-averaged total energy
density in the form

(Tdiss p = nwiey, (29)
where it is assumed that the kinetic and potential energies of the medium are approximately the
same. Combination of the power balance equation (Eq.(28)) with the energy transmission
relation (Eq. (26)) and the power dissipation relation (Eq. (29)) yields the second order partial
differential equation that takes the total energy density as a primary variable:

cjx 2 02 P2
— n—wﬁ—i_’?w 2 &) +nwiey = {fw). (30)

Eq. (30) is a power flow model expressed with the time- and space-averaged energy density for the
farfield flexural waves in orthotropic plates.

If both the bending stiffnesses D, and D, of the plate are assumed to be equal to the bending
stiffness D of an isotropic plate, ¢, and ¢,y then become

sz 1/4
Cgx = Cgy = Cg = 2(7> , (31)

where ¢, is the group velocity of the corresponding isotropic plate. In this particular case, the
energy equation is deduced from Eq. (30) as follows:

*
e (axz a—yQ) (@ + @) = (i) (32)
where <&) is the time- and space-averaged total energy density of the farfield waves in isotropic
thin plates. It can be known that Eq. (32) is the same as the energy equation developed by
Bouthier and Bernhard [6-9] for the farfield flexural waves in isotropic thin plates.

3. Power flow analysis of a rectangular orthotropic plate
3.1. Approximate solution of energy equation

In this section, the energy equation derived in the previous section is applied to the finite
rectangular orthotropic plate simply supported along its edges and excited by a transverse point

force at a single frequency. When the exciting force is located at (xo, yo) in the plate, Eq. (30)
becomes

2 v 2 Y]
Cyx 0 ¢ 0
5 ey 2y ) <O 0GR = Migdlx = X3 = 1o, (33)
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where I1;, is the time-averaged input power due to the exciting force and ¢ is the Dirac delta.
When the plate is simply supported, free or fixed at its boundary, it can be assumed that there is
no outflow of power from the boundary, and thus the energy density solution of Eq. (34) can be
expressed by the double Fourier series of the cosine functions with respect to the spatial variables

x and y [5,14]:
ey = Z Z E,,, cos (—x) cos (Z—Ey) (34)

m=0 n=

where E,,, is the coefficient of (1, n) mode of the energy density, and L, and L, are the dimensions
of the plate as shown in Fig. 1. The input power can also be represented in the form of the cosine
series:

3, 0(x — x,)8(y — yy) = Z Z M,y cOS <L—x> cos < Lyy) (35)

m=0 n=

where the coefficient of (m, n) mode, Hm,,, is

mn i
1, = L L ™ I1,, cos (L)Cx()) cos <Lyy0>. (36)

Here, the factor ¢, is determined by
I, m=0andn=0,
em=1< 2, (m=0andn#0)or (m+#0 and n = 0), (37)
4, m#0 and n#0.

Substituting Egs. (34) and (35) into the energy equation (30) yields the modal coefficient of the
energy density solution in the following expression:

e cos (2, Vcos [ X
L, "CO\LY L

mn — 2

Cyx (MT 2+C§y nmn 2+
| — —| — 0)
nw \ Ly nw\L, 1

(38)

Fig. 1. Dimensions of the rectangular orthotropic plate.
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The x and y components of the intensity can be obtained by substituting the energy density solution
expressed by Eq. (34) into the energy transmission relation represented by Egs. (24) and (25):

S & mn mn nm
N = 9% —Vsin| —= bt
Gy = o E E E,, <Lx> sin <Lx x) cos (Lyy> (39)

m=1 n=0
and ,
€y = nm mn nn
~ 9y :
gy) =— E,. (—) cos (—x) sin (—y) , (40)
(@ n mZ:O ; Ly Ly Ly
respectively.

3.2. Numerical examples

Numerical analyses are performed for the finite rectangular orthotropic plate simply supported
along its edges and excited by a transverse harmonic point force as shown in Fig. 2. The time- and
locally space-averaged energy density of farfield flexural waves is calculated by the approximate
solution (Eq. (34)) of the energy equation developed in this work for vibrating orthotropic plates, and
the intensity field in the plate is obtained from Egs. (39) and (40). The energy density distributions
obtained by the developed approximate power flow model are compared with the results obtained
from the classical solution for the displacement of the corresponding plate (Appendix A). The
dimensions and thickness of the plate shown in Fig. 1 are L, = L,= I m and & = 1 mm, respectively,
and the material properties of the plate are assumed to be the same as those of pure aluminum. It is
assumed that the plate is stiffened along the y direction and thus D,, is 20 times greater than D, that is
the bending stiffness of the original aluminum plate. The force is located at xo = L./2 and yo = L, /2
in the plate and its amplitude is £ = 1 N. The time-averaged input power can be calculated as follows:

_ 1 ot ow(xo, o, )\ *
Hf,,_zRe{(FeJ ) x <T> } (41)

where w(xg, o, ?) can be obtained by Eq. (A.2) with x = xo and y = yo. To obtain the PFA
solutions, Eq. (41) is utilized as the input power II;, included in Eq. (38).

F exp(jowt)

A

A
A

Fig. 2. Simple supports and external harmonic force on the plate.
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When the exciting frequency is f = 1kHz, the distributions of the energy density obtained from
the classical displacement method (Eq. (4)) for various values of damping loss factor (3 = 0.01,
0.05, 0.1 and 0.2) are shown in Fig. 3, and the corresponding results from the developed PFA
model (Eq. (33)) are illustrated in Fig. 4. For the sufficient convergence of the solution, 90 000
lower modal terms of the Fourier series are accumulated to calculate the classical and PFA results,
respectively. The reference energy density of the energy level is 1 x 10712 J /m2. As the plate is
treated with larger damping, the global variation of the classical energy density becomes relatively
faster as seen in Fig. 3. It can be observed in Fig. 4 that the PFA solutions represent well the
global variation of the classical solutions, which may be used meaningfully for medium-to-high
frequency problems. As the frequency of interest is increased, the uncertainties of the dynamic
behavior become more prominent and the global phenomena come to give more significant
information than the local phenomena.

When the frequency is set to be f = 10kHz, several patterns of energy density distribution
predicted by the classical method can be observed in Fig. 5. In comparison with the previous case as
shown in Fig. 3, the energy density decreases fast as going far from the excitation point. When the
plate is treated with larger damping, the global variation of the result appears to be more obvious,
which is well approximated by the PFA solutions as shown in Fig. 6. It should be noted that the
energy density does not vary at the same rate for all directions due to the discrepancy between the
values of the bending stiffnesses D, and D), which can be easily observed with large damping as
shown in Fig. 5(d), the corresponding global variation being well approximated by Fig. 6(d).
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In Fig. 7, the energy density distributions predicted by the PFA model are compared with those
by classical method along the line x = L, /2. It can be found that the PFA solutions are useful in
predicting the locally space-averaged distribution of the energy density. Fig. 8 illustrates the
comparisons of the energy density distributions along the line y = L, /2 in the plate, from which
good agreements between the PFA solutions and the classical solutions are observed in the
smoothed sense.

For the next examples, the energy levels of the classical and the PFA solutions are spatially
averaged over the whole area of the plate, and are compared for different frequencies setting
damping loss factors s =at 0.01 and 0.1. For the spatial-averaging, 2500 points at regular intervals
on the plate are used. It can be observed in Fig. 9 that the PFA energy levels are as a whole in
good agreement with the classical energy levels.

The average energy levels of the classical and the PFA solutions are also plotted for various
damping loss factors when the frequencies are set to be f = 1 kHz and 10 kHz. It can be seen in
Fig. 10(a) that when the frequency is f = 1kHz, two results are nearly constant up to about
n = 0.01 and then begin to decrease smoothly as the damping is increased. In this frequency, the
magnitudes of the error between the two kinds of the results are not over 1 dB for every damping
loss factor of interest. If the frequency is increased to f = 10 kHz, the energy levels of two results
are totally decreased and their errors also become negligible, as shown in Fig. 10(b).

In the last examples, the classical intensity fields and the approximate PFA intensity fields,
when the frequency and the damping are f = 1 kHz and 5 = 0.1, are represented in Fig. 11. It can
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be known from the comparison of two results that the PFA solution is a good smoothed
representation of the classical solution and may be usefully applied to predict the dominant power
transmission paths. It can be seen in Fig. 12 that when the frequency is increased to f = 10kHz,
the results of the both methods become more similar to each other.

4. Conclusions

An approximate power flow model for transversely vibrating orthotropic plates has been
developed in order to extend the application range of the power flow analysis (PFA) method to
the medium-to-high frequency vibration of orthotropic plate structures. To derive the
corresponding energy equation, the farfield components of the plane wave were utilized, and
time- and space-averaging were performed over a period and a half wavelength with the
assumption that the damping is small. The developed model has a more general form covering the
differences in the bending stiffness, and the PFA model of the isotropic plate can be easily derived
as a specific case of the developed model. From numerical examples, the approximate energy and
intensity field obtained by the derived energy equation are seen to well represent the global
variation of the response with the reliable results.

Further studies on the development of new power flow models for in-plane waves of the
orthotropic plate and on the prediction of the energy and intensity field in coupled orthotropic
plates are recommended.
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Appendix A. Classical solution

The equation of motion for an orthotropic plate excited by a harmonic point force may be given by
otw *w
ax2oy? T ga T M

When the plate is simply supported along its edges, the displacement solution of the equation of
motion can be expressed by the double sine series of the spatial variables x and y:

w(x, y,t) = Z Z W sin (nZ—x> sin <L_ )exp(Ja)l) (A.2)

m=1 n=1

Dchyc = Fé(x - XO)5()} - yO)ejwt- (Al)

xcﬁ“‘z

The force is also expressed by the double series of the sine function in the form:

Fo(x — x,)0(y — yo)exp(jwt) = Z Z F,,;sin (L >sm (L—y) exp(jwt). (A.3)

m=1 n=1
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Substituting the displacement and force represented by the double series into the above equation

of motion yields

L.L,

F sin (m

I
JR— xo
L,

)«

nrw

Lyyo

)

mn —

4
mrT

Dy | — 2

() +

100

2 2
mm nm
Dchyc (L ) (L_) +Dyc <
X y

(A.4)
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Fig. 7. Comparisons of the energy density distributions along the line x =

05
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L, /2. The reference energy density is

1x 1072 J/m* (a)f = 1kHzand n = 0.01, (b) f = 1kHzand 5 = 0.1, (c) f = 10kHz and = 0.01, (d) f = 10kHz and

n = 0.1: — , classical solutions; ----, PFA solutions.
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Fig. 8. Comparlsons of the energy density distributions along the line y = L, /2. The reference energy density is

1x 1072 J/m? (a)f = 1kHzand n = 0.01,(b) f = 1kHzand 5 = 0.1, (c) f = IOkHzandnfOOI @f=

n = 0.1: — , classical solutions; - ---, PFA solutions.

10 kHz and

Thus, the displacement solution of the Eq. (A.1) can be obtained by substituting Eq. (A.4) into
Eq. (A.2). After calculating the displacement solution, the time-averaged energy density can be
finally calculated by substituting the obtained solution into Eq. (13). The x and y directional
components of the time-averaged intensity can be also obtained by substituting the displacement
solution into the Egs. (14) and (15), respectively.
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Fig. 9. Average energy levels of the orthotropic plate for various frequencies. The reference energy density is
1 x 1072 J/m?: (a) n = 0.01, (b) # = 0.1: —5—, classical solutions; —@—, PFA solutions.
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Fig. 11. Intensity distributions of the orthotropic plate when f

— L,/2. The
(B.1)

L./2 and y

1kHz, n = 0.1, xo

reference intensity is 1 x 10712 W/mz: (a) classical solution, (b) PFA solution.

ey =<er) +<{e2,

If Eq. (16) is expanded, the time-averaged total energy density can be rewritten as

Appendix B. Space-averaging process
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Fig. 12. Intensity distributions of the orthotropic plate when /= 10kHz, n = 0.1,
reference intensity is 1 x 1012 W/mz: (a) classical solution, (b) PFA solution.

where <{e;» and <e,)» are defined here by

Cery = Re{ (Duclkel +2/50y/DucDyck (k) +2(1 = /5wy )/ DDyl -
+Dyc}ky\“+mw2) (|[A]”|2+\[B]+* |2+\[C]*+|2+\[D]++}2) }

T T T T
P U N . T S S SR S S
O T U L TR S A R
PUESTEUEEE N N S NN T S S S S R N A S
[P U NI N N S S S R S S B N B R |
S N L U N U R S S S S A S SV N S S 2 S
U S UIPUE N U N N S N S R R A S A A A A e B
PUESURPEEE N PSR N SN S N T S S S Y S N P R T
S N T N U T U T T A R S A B A B N
P N T N U U T B A A S I R e e
PP S S U U U T U T B A A S S S A S I S
LRI G SR N T T N S S A AR R e |
Fa — = PO N N S A A .-
e N e e e NN e e e -
U U S N I U R
N e e e e Rl i g g T TN
R R P g L A A ~ T .
R S N T Had T g
U e A A e S T i T T ¥
B e L T O T T TR N g
"\./"".//,(./4/1;‘;\,\\‘,‘a\“\"*“
R e e L S N T T W
TUC TS L ey T s e T
R 2 I S L L S S A N T T T TR
L O A L L S T T T T i
[ T A A S N S S S S N A '
T A B O N T T T i
S T B S N i A
R R G A T
L " f s
0 0.2 0.4 0.6 0.8
x (m)
T T T T
PUEPE P R N T T T S S R i UG
PR T L N N U S S B A A ST d T
PP S VR N U U S S S S A N P A TR L R
LR N UL S N N N U S R S S A A S AN T A
PP N N U N U S S S S SRS SRS A A S S S S TP T
SRS UEE N N N N N N S S S S S B P - S
P SN L U U S S SR S Y A A R i S i
P N O Y U U S S SR S S Y P I R
D N N LN N U S T S S P I I
D N N U T T L W S S S A G I
P O U U U T B S R R O i S
PR SRR W N N S S R S
P N N N T A O eSO
— e e e kA e N T e e e e e e
e e e e e e e e e e e e e e e e e .
halatat il el i R S A N e e
[ o o+ =« Ce e e L N N e T T e e e
R L N T T T e e B
L S S
L R T T
M S A A A T T T T T
A G SR S A Y T T U T T
R A A A A S S SRR S
R A S A T T
O A
S O L S O T O T e i
A SR A G I T T T T T T T *
Aol i i R A S N i A g
4 1 L L
0 0.2 0.4 0.6 0.8

221

xo=L,/2 and yy = L,/2. The

(B.2)
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and

(> = lRe{ (Dxc|kx|4+2 vy Dchyckﬁ(ki) +2(1—,/vxvy> DrcDyelics Pk |

+Dyc|ky|“+mw2) (141 (LBY) BT QA1) AT~ (1) T (a1
LA (IDT) DY (A7) +BI (€1 ) +[CT* (1B1) Bl ((01)
DT (IBT) T (ID1) +DT (1C17) )

=21 = /ey ) V/DaeDyelka Py | (TA1 (81 ) BT (A1) +AT (11
S LS (71 N Y (12 R I V2 (71 —[B]*‘([a-*) e (Br)

DT (IBT) T (ID1) +DT (1C17) ) } (B.3)

Substituting Eq. (B.1) into Eq. (19) yields the time- and locally space-averaged total energy
density:

n/ky n/ky
@y ="l ] et e axay =+ @, (B4)

Then, the integrals for the first unknown term |[4]"~|* in Eq. (B.2) become

n/ky/ n/kx n/ky/ n/ky
/ / [A]” " [Pdx dy = / / | AP e/ Pkax=/2kav g x dy (B.5)
0 0 0 0

where if the damping of the plate is small (y « 1), the exponential function in the right-hand side
can be assumed to be nearly constant on the intervals of integration 0<x<(n/k,) and
0<y<(n/ky):

Tl/k},.] n/kxl n/kyl 7T/k,\'l
/ / |A|2e_(’7/2)/“Y’x_(”/2)k}”ydx dy~ |A|2e__/ / dx dy
0 0 0

2

kxlkyl

AP (B.6)

The other unknown terms in Eq.(B.2) can be also integrated through the same process.
Consequently, <&;» can be obtained by

@ :%Re{DXC|kx|4+2‘ fvevy/DrcDyek (kf) *+2(1 . /—vxvy) /DreDyelic, 2, -

+D},C|ky‘4+mw2}(|A| e + Bl +|CPet + [DPett). (B.7)
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The integrals for the first unknown term [A]“([B]*‘)* in Eq. (B.3) can be obtained in the similar

way:
nfky  pnfka N . [Tk n/ky .
/ / [A]~([B]"") dxdy =AB / e~ 1/ Dy / e v xdy
0 0 0 0

x:ﬂ:/kxl
dy=0  (BS)

—2jkx1x

k,
4B / O e
0 —2jkxi

x=0

As seen in Eq. (B.8), all of the other unknown terms come to be zero due to the integration. Thus,
{&,> is nullified:

(&) =0, (B.9)

from which the time- and locally space-averaged total energy density <&)» comes to be equal

to (& ):
&) =<er). (B.10)

When the coefficient terms, Re{....}, in Eq. (B.8) are considered, they include high order terms of
damping loss factor # as follows:
+mw }

Re{DXC|kX|4+2, fixvy/DrcDyek <k§>*+2( — /5 ) /D Dyelk ey 4Dy
= |1- er(ka“ + 23y VDD + 2 (1= \foiy ) /DDy kY + Dkl ) + meo®
(1 +L +2—56> (\/ Dok, + «/Dykil) Fmao?. (B.11)

Neglecting all of the second and higher order terms of the damping loss factor and substituting the
dispersion relation (Eq. (6)) into Eq. (B.11), the time- and locally space-averaged total energy
density <é&) can be finally obtained as the simplified Eq. (21).

When spatially averaging the intensity (Eqs. (17) and (18)) over a half wavelength, one can
obtain the following expressions through the same process of Egs. (B.6) and (B.8):

@ =2 Relky(Duk? + /DDyck) + Do (K24 vk K
(1= /53 ) V/DueDyek [k |} (14Pe™ = Bt 4 [CPe™ — DPe™)  (B.12)
and
Re {ky (Dyok? + \/DicDy) + Dy (K2 4 v.42 )k

®
2
(1= \/5) VDD i (14Pe ™ + Bt — [CPe™ —DPet). (B.13)
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The coefficient terms in Eq. (B.12) have high order terms of damping loss factor that is assumed to
be small:

Re{kee (Dack? + /DacDyok? ) + Dac (K24 vy )i, + (1= /52y ) /DacDyckelo |}
(1 £+Z:> oD+ /DD + ( 176 2 Z:) NGERY ALY
+ (1 + 15_6,72 + Z—i) e (1= /oy ) VDD, (B.14)

The coefficient terms in Eq. (B.13) can be written by

Re{k, (Dyckz +V/DueDyckd) + Dy (K24 vk )+ (1= /vy ) o/ DacDyeky e |
= (1 L D boa (D + VD) + (14 = ) Dy (K4 ks
+ (1 +15_6,,z +Z—:)ky,(1 — /s ) VDD (B.15)

Here, neglecting all of the second and higher order terms of the damping loss factor and
substituting the dispersion relation (Eq. (6)) and Betti’s reciprocity (v.D, = v,Dy) into Egs. (B.14)
and (B.15), the time- and locally space-averaged intensity components can be finally obtained as
the simplified Egs. (22) and (23).
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